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Target Detection via Network Filtering

Shu Yang and Eric D. Kolaczylsenior Member, IEEE

Abstract

A method of ‘network filtering’ has been proposed recentlyd&iect the effects of certain external perturbations on the
interacting members in a network. However, with large nekspthe goal of detection seems a priori difficult to achjeve
especially since the number of observations availablenaemuch smaller than the number of variables describingeffexts
of the underlying network. Under the assumption that thevoet possesses a certain sparsity property, we provide raafor
characterization of the accuracy with which the externtdat$ can be detected, using a network filtering system thabines
Lasso regression in a sparse simultaneous equation motielswiple residual analysis. We explore the implicationsthaf
technical conditions underlying our characterizationthia context of various network topologies, and we illugtratir method

using simulated data.

Keywords: Sparse network, Lasso regression, network topologyetatdgtection.

|. INTRODUCTION

A canonical problem in statistical signal and image proogsss the detection of localized targets against
complex backgrounds, which often is likened to the prowartask of ‘finding a needle in a haystack’.
In this paper, we consider the task of detecting such tangben the ‘background’ is neither a one-
dimensional signal nor a two-dimensional image, but ratleasists of the ‘typical’ behavior of interacting
units in a network system. More specifically, we assume néhivalexed data, where measurements are
made on each of the units in the system and the interactiom@ih@se units manifests itself through the
correlations among these measurements. Then, given tlsbfgopresence of an external effect applied
to a unit(s) of this system, we take as our goal the task oftity@mg the location and magnitude of this
effect. It is expected that evidence of this effect be défiighroughout the system, to an extent determined
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Fig. 1. Schematic illustration of the network filtering pess proposed in this paper, shown in two stages. In the fagesthe aim is to recover information

on the correlation (i.e.3) among the five network units, given training dafa In the second stage, that information is used to filter nets &3 produced

in the presence of an effect external to the system (hg.so as to detect the target of that effect.

by the underlying network of interactions among systemsynike the blurring of a point source in an

image. As a result, an appropriate filtering of the observedsurements is necessary. These ideas are
illustrated schematically in Figufe 1.

While networks have been an important topic of study for s¢ime, in recent years there has been
an enormous surge in interest in the topic, across variousrsé areas of science. Examples include
computer traffic networks (e.gl,_[10]), biological netwsrte.g., [1]), social networks (e.gl, [25]), and
sensor networks (e.gl, [23]). Our network filtering problems formulated by, and is largely motivated
by the work of, Cosgroveet al]8], who used it to tackle the problem of predicting genetiagets of
biochemical compounds proposed as candidates for drugogenent. However, the problem is clearly

general and it is easy to conceive of applications in othenalns.

The authors in[[8] model the acquisition of network dataJuding the potential presence of targets,
using a system of sparse simultaneous equation models (SSBNI propose to search for targets using
a simple two-step procedure. In the first step, sparse titatisnference techniques are used to remove
the ‘background’ of network effects, while in the secondpsteutlier detection methods are applied to
the resulting network-filtered data. Empirical work presehnin [8], using both simulated data and real

data from micro-array studies, demonstrates that suchanktitering can be highly effective. However,



there is no accompanying theoretical work [in [8].

In this paper, we present a formal characterization of théopeance of network filtering, exploring
under what conditions the methodology can be expected t& well. A collection of theoretical results
are provided, which in turn are supported by an extensiveaniga study. Particular attention is paid to
the question of how network structure influences our abititgetect external effects. The technical aspects
of our work draw on a combination of tools from the literatiren sparse regression and compressed
sensing, complex networks, and spectral graph theory.

The remainder of the paper is organized as follows. The b&SEM model and two-step network
filtering methodology are presented formally in Sectidniml.Section[1ll we characterize the accuracy
with which the network effects can be learned from trainiatpgd while in Sectiof IV, we use these results
to quantify the extent to which external effects will be eandl in test data after filtering out the learned
network effects. Numerical results, based on simulatiom$eu various choices of network structure, are
presented in Sectidn]V. Finally, we conclude with some amfuit discussion in Sectidn VI. Proofs of all

formal results are gathered in the appendices.

II. NETWORK FILTERING: MODEL AND METHODOLOGY

Consider a system gbp units (e.g., genes, people, sensors, etc.). We will asstiatewe can take
measurements at each unit, and that these measurement&edyecorrelated with measurements at
some (small) fraction of other units, such as might occuough ‘interaction’ among the units. For
example, in[[8], where the units are genes, the measureragnigene expression levels from microarray
experiments. Genes regulating other genes can be expecteal¢ expression profiles correlated across
experiments. Alternatively, we could envision measurimgimnmental variables (e.g., temperature) at
nodes in a sensor network. Sensors located sufficienthe dmgach other, with respect to the dynamics
of the environmental process of interest, can be expectgteld correlated readings.

We will also assume that there are two possible types of meamnts: a training set, obtained under

‘standard’ conditions, and a test set measured under theemde of additional ‘external’ effects. The



training set will be used to learn patterns of interactioroagithe units (i.e., our ‘network’), and with
that knowledge, we will seek to identify in the test data thasits targeted by the external effects.
We model these two types of measurements using systems oftamaous equation models (SEMs).
Formally, suppose that for each of theunits, we have in the training set replicated measurements,
which are assumed to be realizations of the elements of sonangctory = (Y,...,Y,)". LetY; be
the i-th element ofY’, and letY;_; denote all elements df exceptY;. We specify a conditional linear
relationship among these elements, in the form
p
YilYig=ya = D Byyite, 1)
J#
where g;; represents the strength of association of the measuremetitefi-th unit with that of thej-th
unit, ande; are error terms, assumed to be independently distributed(8so?). That is, we specify a
so-called ‘conditional Gaussian model’ for thg which in turn yields a joint distribution fot” in the

form

Y ~ N (0,(I-B) "), )

with B being a matrix whoséi, j) entry B;; is ;;, for i # j, and zero otherwise. Segl [9, Ch 6.3.2].
The matrix/ — B is assumed to be positive definite. In addition, we will assusn(and hencel — B)

to be sparse, in the sense of having a substantial propasfiits entries equal to zero. A more precise
characterization of this assumption is given below, in tta@esnent of Theorem 1.

We can associate a network with this model using the framlewbgraphical models (e.g., [19]). Let
each unit in our system correspond to a vertex in a verte¥’set{1, ..., p}, and define an edge sét
such that{i, j} € E if and only if B;; # 0. Then the model in{2), paired with the graph= (V. E), is a
Gaussian graphical model, with concentration (or ‘preci§i matrix Q = (I — B)o—2 and concentration
graphG. Since we assumB to be sparse, the graggh likewise will be sparse. Gaussian graphical models
are a common choice for modeling multivariate data with poédly complicated correlation (and hence

dependency) structure. This structure is encoded in thghgi and questions regarding the nature of



this structure often can be rephrased in terms of questiommdving the topology ofG. In recent years,
there has been increased interest in modeling and infefendarge, sparse Gaussian graphical models
of the type we consider here (e.d., [11],][21]).

For the test set, our observations are assumed to be realigaif another random vector, say =
(Y1,...,Y,), the elements of which differ from those &f only through the possible presence of an
additive perturbation. That is, we model each conditional on the others, as

p
Zﬁijﬂj + ¢+ ¢ (3)
j#i
where¢; denotes the effect of the external perturbation forittte unit, and the error term&; are again

independently distributed a¥ (0, ¢%). Similar to [2), we have in this scenario

Y ~ N((I— B) ¢, (I — B)_la2) , 4)

where¢ = (¢1,...,¢,)".

The external effect® are assumed unknown to us but sparse. That is, we expect oelgtavely small
proportion of units to be perturbed. Our objective is torasate the external effects and to detect which
units 7 were perturbed i.e., to detect those unitlr which ¢; stands out from zero above noise. But
we do not observe the external effegtsdirectly. Rather, these effects are ‘blurred’ by the nekwof
interactions captured i, as indicted by the expression for the mean vectofn (4)3 Mvere known,

however, it would be natural to filter the datg producing
éideal _ (I . B)Y/ ) (5)

The random vector’® has a multivariate Gaussian distribution, with expectatioand covariance
(I — B)o?. Hence, element-wise, each“ is distributed asV(¢;,o?), and therefore the detection of
perturbed units reduces to detection of a sparse signal against a uniformtive@aussian noise, which
is a well-studied problem. Note that under this model, weeekghe noise inpe to be correlated.

However, given the assumptions of sparsity ®nthese correlations will be relatively localized.
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Of course,B typically is not known in practice, and s&ide“l in () is an unobtainable ideal. Studying
the same problem, Cosgroee al. [8] proposed a two-stage procedure in whichp(§imultaneous sparse
regressions are performed to infBr row-by-row, yielding an estimat®, and (i) the ideal residuals in
(®) are predicted by the values

A~

b=(I-B)Y . (6)

after which detection is carried HJtThey dubbed this overall process ‘network filtering’. A sotatic
illustration of network filtering is shown in Figutd 1.

Our central concern in this paper is with characterizingdtweditions under which network filtering can
be expected to work well. Motivated by the original contektGmsgroveet al., involving a network of
gene interactions and measurements based on micro-adtayolegy, we assume here that fi)> n, (ii)
the matrix B is sparse, and (iii) the vectar is sparse. In carrying out our study, we adopt a strategy for
estimatingB based on Lasso regression|[24], a now-canonical examplean$e regression. Specifically,

motivated by[(1l), we estimate each radwy, as

p
BuSarg _min [y, ;ﬁwyjnﬁunﬁnl, (7)
VE=

wherey > 0 is a regularization parameter. Following this estimatitage, we carry out detection using
simple rank-based procedures.

We present our results in two stages, first describing cimmditunder whichB estimatesB accurately,
given the system of sparse simultaneous equation modelBSSdefined by[{l1), and then discussing the
nature of the resulting vectar. In both stages, we explore the implications of the topalalstructure

of G on our results.

IIl. ACCURACY IN ESTIMATION OF B

At first glance, accurate estimation &f seems impossible, since even if the error teenare small,

this noise typically will be inflated by naive inversion ofrosystems of equations (i.e., becayse> n).
1Technically, Cosgrovet al.work under a model that differs slightly from ours, sharihg same conditional distributions, but arrived at througgcification

of a different joint distribution. Seé [9, Ch 6.3] for dissisn comparing such ‘simultaneous Gaussian models’ withconditional Gaussian model.



However, recent work on analogous problems in other modetsshhown that under certain conditions,
and using tools of sparse inference, it is indeed possibtebtain good estimates. Results of this nature
have appeared under the names ‘compressed sensing’, ‘essiy@ sampling’, and similar. See the recent
review [6], and the references therein. The following ressilsimilar in spirit to these others, for the

particular sparse simultaneous equation models we study he

Theorem 1: Assume the training model defineddn (1) &hd (2),set> = (I — B)'o?. Let S be the

largest number of non-zero entries in any rowifand suppose that, S, p, and n satisfy the conditions

Mo (2) 1+/5m\
Amin(2) : (1—\/5/71) (®)

and

p(r) < 1. ©)

Here A4 @and\,,,;,, refer to maximum and minimum eigenvalues atg = (1+ f(4r))?+2(1+ f(5r))*—
3, wherer = S/(p—1) and f is a function to be defined Iat&rFinally, assume that? < (Cyo?¢; )/,
for a constantCy = Co(n,p,r) and ¢, = n (1 — 4(log, n/n)"/?). Letp = n”, for v > 1. Then it follows

that, with overwhelming probability, for every ro;, of B the estimatorB,, in (7) satisfies the relation
||Bzo - Bzo”% S CUQCT—:_ ) (10)
where(;" = n (1 + 4(log,n/n)"/?) and C' > 0 is a constant.

Remark 1:The accuracy of3;, is seen in[{10) to depend primarily on the produef and onC. The
constantC' can be bounded by an expression of the fqim- p(r))~2 times a constant depending only
on the structure oE. The magnitude ot therefore is controlled essentially by the extent to which)

is less thanl, which in turn is a rough reflection of the sparsity of the ratxv Hence, in order to have
good accuracyg? must be small compared to~'. In particular, ifo> = O(n™%), for w > 1, then the
error in [I0) behaves roughly lik€ (n=“~V).

2Specifically, f is defined in Section I, sub-section B, immediately follog equation [(T}).



Remark 2:Clearly it cannot be expected that we estimatavith high accuracy in all situations. The
expressions in[{8) and(9) dictate sufficient conditions eunarhich, with overwhelming probability
(meaning with probability decaying exponentially ), we can expect to do well. Due to the intimate
connection between the covarianteand the concentration graph, these conditions effectively place
restrictions on the structure of the network we seek to filséth (8) controlling the relative magnitude
of the eigenvalues of the matrix— B, and [9), its sparseness. Note that siscis simply the maximum
degree ofGG, condition [9) relates the maximum extent of the degreeilligton of G to the sample size

n. We explore the nature of these conditions in more detail éahiately below.

Remark 3.In general, of course, choice of the Lasso regularizatiorarpatery, > 0 in (@) matters.
The statement of Theorem 1 includes constraints on the rah@eceptable values for this parameter.
In particular, it suggests that should vary likes?n/S, which for 0> = O(n™) means we wanf =
O(S~'n~«=Y). The theorem does not, however, provide explicit guidanté@w to set this parameter
in practice. For the empirical work shown later in this papee have used cross-validation, which we

find yields results like those predicted by the theorem ovieraad range of scenarios.

Remark 4.There are results in the literature that address other @moblsharing certain aspects of our
network filtering problem, but none that address all togetker example, the bound i ([10) is like
that in work by Candés and Tao and colleagues (€.9., [[4], Blhough for a single regression, rather
than a system of simultaneous regressions. In additiorsetlaathors use constrained minimization for
parameter estimation, rather than Lasso-based optimizafis Zhu [26] has recently pointed out, there
are small but important differences in these closely rdlat®blems. Our proof makes use of Zhu'’s results.
Similarly, Greenshtein and RitoV [[15] present results fardels that — in principle at least — include the
individual univariate regressions inl (1), although agdiairt results do not encompass a system of such
regressions. Furthermore, their results are in terms ohrsgaared prediction error, rather than in terms
of the regression coefficients themselves. Finally, Meansen and Buhlmann [21] have studied the use

of Lasso in the context of Gaussian graphical models, butherpurpose of recovering the topology of



G i.e., for variable selection, rather than parameter esitmaThe proof of Theorem 1 may be found in

Appendix A.

In the remainder of this section, we examine conditidns (&) &) in greater depth. These conditions
derive from our use of certain concentration inequalitigbjch — although central to the proof of our
result — can be expected to be somewhat conservative. Oueraahresults, shown later, confirm this
expectation. Nonetheless, these conditions are usefiiainthey help provide insight into the way that
the network topology structure, on the one hand, and the lgasigen, on the other, can be expected to

interact in determining the performance of our network riiitg methodology.

A. The eigenvalue constraint

Recall that the covariance matri is proportional to(I — B)~!. In order to better understand the

condition on the covariance matrix inl (8), consider the glemmse of
S l=(I—-B)=1+4¢DV?AD™Y? (11)

where A is the adjacency matrix for a gragh, D = diag(d;)];cv is a diagonal matrix¢; is the degree
(i.e., the number of neighbors) of vertéxandq > 0 is a constant. Here the covariankeis defined
entirely in terms of the topology of the concentration graghWhile later, in Sections 3 and 4, we
use simulation to explore more complicated covariancectiras, where thés;; are assigned randomly
according to certain distributions, the simplified form[il) is useful in allowing us to produce analytical
results. In particular, conditions ai reduce to conditions on our network topolggfor example, the

following theorem describes a sufficient condition undeioh(8) holds for this model.

Theorem 2: Suppose that the covariance maktifrom Theorem 1 is defined through111), with<

q < 1. Denote

p i 1/d
1= . 1 max
#andm:< +vd m/f) 7 (12)

Nz

SWe note that[{TI1) can be rewritten in the foiT ! = (1 4+ ¢)I — ¢ - £, where L is the (normalized) Laplacian matrix of the gragh In other words,

the precision matriX2 = X~ in this simple model is just a modified Laplacian matrix.
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ER graph BA graph
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Fig. 2. Plots of ER, BA, and geometric random graphs of gize 100 and average degreé= 4.

wherei ~ j indicates that the verticesand j are neighbors irG andd,,,., = max;<;<, d; iS the maximum

vertex degree. Then conditidnl (8) on the eigenvalues of satisfied if

1 q

Proof of this result may be found in Appendix B. The restdntion ¢ ensures that the matrix—! is
diagonally dominant, which is needed for our proof, althwoitglikely could be weakened. Note that the
condition in [I3) involves the grap&' only through the degree sequengé,...,d,}. More precisely,
this condition relates the average harmonic mean of neigtiegrees (i.e.;) and the maximum degree
to the sample size and the constant. Accordingly, given a network, it is straightforward to éoqe the
implications of this condition numerically. For exampleg wan explore the range of valuggor which
the condition holds, given.

Figure [2 shows examples of three network topologies. The firsan Erdds-Rényi (ER) random
graph[13], a classical form of random graph in which verteirp:, j are assigned edges according
to independently and identically distributed Bernoullndam variables (i.e., coin flips). The degree
distribution of an ER network is concentrated around its maad has tails that decay exponentially
fast. The second is a random graph generated according Batlabasi and Albert modéell[2], which was
originally motivated by observed structure in the World @/id/eb. The defining characteristic of the BA

model is that the derived network has a degree distributi@pmower-law form, with tails decreasing like
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Fig. 3. Plots of eigenvalue ratio for ER, BA, and geometrypgrander different values aof.

d—3 for larged. Therefore, the BA networks tend to contain many verticeh wnly a few neighbors, and a
few vertices with many neighbors. Lastly, we also use a g&éacnandom graph model, such as might be
appropriate for modeling spatial networks. Following[2iértices in the graph are uniformly distributed
throughout the unit squate, 1], and each vertex pairj has an edge with probability (wijpl/z), where
¢(-) is the standard normal density function amg is the Euclidean distance i, 1]> betweeni and ;.

In all three cases, the random graph was of gize 100 and had average degrde-= 4.

In Figure[3 we show the eigenvalue ratio [0 (8), under the &fiep covariance structure if(1L1),
for these ER, BA,and geometric random graphs, as a function ®he horizontal lines represent the
theoretical eigenvalue ratio bound given by Theorem 1. Tenosymbols (including the ‘plus’ symbol)
indicate graphs that satisfy the condition in Theorem 2 |avthie filled symbols indicate graphs that do
not satisfy the condition. We can see from the plot that thediteon in Theorem 2 clearly is conservative,

since as a function of it ceases to hold long before the inequality [ih (8) is viatate

B. The sparsity constraint

The second condition in Theorem 1, givenlih (9), can be readcasdition on the sparsity= S/(p—1)
of the precision matriX2 o< I — B, and therefore a condition on the sparsity of our networlplyr@.
The analytical form of the functiop(-) is

p(r) = (1+ f(4r))* +2(1 + f(5r))* =3 , (14)

wheref(r) = \/p/n <\f+ V2H(r ) andH (r) = —rlog(r)—(1—r)log(1—r) is the entropy function.

While it is not feasible to produce a closed-form solutionrito the inequality[(R), it is straightforward
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to explore the space of solutions numerically.

Note thatp(r) actually is a function of the three paramet&rs, andn through the two ratio$/(p—1)
andn/p. In practice we expect both ratios to be in the inter@ll). Shown in Figuré ¥ is(-), as a
function ofr, for a handful of representative choicesofp. We see from the plot that the theory suggests,
through condition[(), that the sparsityshould be bounded by roughlyx 10=%. Our numerical results,
however, shown later, indicate that the theory is quite eorative, in that, for example, for our simulations
we successfully used networks with sparsity on the order-6f0.04. Analogous observations have been
made in [[4]. Also shown in Figuriel 4 is a 3D plot pf-), as a function of bothr andn/p. In this plot,
the dark area corresponding to the innermost contour litisfies the condition that(r) < 1. Again, the
value of the information shown here is primarily as an intlaraof the existence of feasible combinations

of S, p, andn allowing for the accurate estimation of the rows ®f

Numerical evaluation of the upper bound rho(r)

+ n/p=1/2

50 « nlp=2/3 6
e np=3/4| e
....... #######

n :

[=]

= “—
5 —

/ 1
05l
0 5 —— 0.5
4
x10* 6 0 n/p ratio

Fig. 4. 2D plot and 3D plot showing the behavior @f ,,(r) for three values of the ratia /p.

IV. ACCURACY OF THE NETWORK FILTERING

With the accuracy ofB quantified, we turn our attention to the effectiveness of filtering of the
network effects. Specifically, in the following theorem weacacterize the behavior of defined in [(B),

as a predictor ofy®e!| defined in [(b).
Theorem 3: SupposE is a p x 1 vector of test data, obtained according to the model defime8)
and [3). Let¢ = (I — B)Y be defined as in{6) and lek = B — B. Then conditional on3, ¢ has a
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multivariate normal distribution, with expectation andrizace

E[éuﬂ — ¢+ A(I—B) ¢ (15)

Var [éyf}] —(I-B)o®+ [A(I—B)*ATHA} o2 . (16)
Furthermore, under the conditions of Theorem 1, elemesewie have
| E[(3 =00 | B] | <lIsll2 [(Co"GH)" Aas (1= B) )| a”)
and
Var 6| B] < 0® [1+ Co™CiAmas (1= B) )] (18)

with overwhelming probability, wher€' > 0 and ¢,' are as in Theorem 1.

Proof of this theorem may be found in Appendix C. Recall tjﬂ'éﬂ“l in (B) is distributed as a multivariate
normal random vector, with expectatignand variance ! — B)o?. Equations[(I5) and(16) show that our
predictor¢ mimics ¢ well to the extent that our error in estimatid®)— that is, those terms involving
A — are small. Theorem 1 quantifies the magnitude of the raws= B;, — B, of A, from which we
obtain the termCc2(;" in our bounds on the element-wise predictive biadid (17)\earéance in [(IB).
Remark 4:In the case that there are no external effects exerted uposystem i.e. = 0, the elements
gideal of the ideal estimate®! are just identically distributedV (0, o2) noise. This case corresponds to
the intuitive null distribution we might use to formulateradetection problem as a statistical hypothesis
testing problem. The implication of the theorem is that, $ing ¢ rather thany, following substitution
of B for B, the price we pay is that the elementsare instead distributed a% (0, 52), where thes?
differ from o2 by no more tharCo?(; Ao (I — B)™1). Treating\,... (I — B)~') as a constant for the
moment, this term is dominated l6yo2¢;" i.e., our error in estimating the rows &f. Hence, for example,

if 02 =O0(n™*) with w > 1, as in Remark 1, then the variancgswill also be O(n™*).

Remark 5:Suppose instead that= (0,...,0,¢%0,...,0), for some¢* > 0. This case corresponds to
the simplest alternative hypothesis we might use, invghamon-trivial perturbation, and is a reasonable

proxy for the type of ‘genetic perturbations’ (e.g., fromngeknock-out experiments) considered in
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Cosgroveet al]8]. Now the bias is potentially non-zero, even for unitaith ¢; = 0. But, again treating
Mmaz (I — B)™') as a constant, and assumisty= O(n~*), this bias will be only negligibly worse than
the O(n~“~1/2) magnitude of the ideal standard deviatienAnd the variance will again b&(n==).
Therefore, we should be able to detect single-unit pertiobha well for ¢* sufficiently above the noise.
Our simulation results in the next section confirm this exgigan.

Now consider the term,,... (I — B)™!), which reflects the effect of the topology 6f on our ability
to do detection with network filtering. This term will not ressarily be a constant i, due to the role of
n in the bounds[{8) and(9) of Theorem 1, constraining the kiehaf > = (I — B)~'o2. The following
lemma lends some insight into the behavior of this term indhge where the precision matfix= X!

again has the simple form specified [n1(11). The proof may lbedaon Appendix C.

Lemma 1: Suppose that ! = I + ¢D~'/2 AD~'/2, as in [11). Then
2
Vd 1+ \/dnaz
)\maa: (([ o B)—l) < max ( + /n) . (19)

_Q+ Vdmaa: 1—\/dmax/n
Remark 6:Because we assume that the netwofkwill be sparse, and that,,.. < n, the above result
indicates that the term,,.. ((I — B)™') can be treated under our simplified covariance as a constant

essentially with respect to?¢;" in expressions like{17) an@ {18).

V. SIMULATION RESULTS

A. Background

In this section, we use simulated network data to furtheaysthe performance of our proposed network
filtering method. The data are drawn from the models for ingirand test data defined in Section II,
with randomly generated covariance matri¢esVe define these covariances through their corresponding
precision matrices) = X!, which are obtained in turn by (i) generating a random netwopology
G = (V, E), and then (ii) assigning random weights to entrie$lisorresponding to pairs j with edges
{i,j} € E. These collections of weights are then rescaled in a final steoerce? into the form/7 — B

and, if necessary, to enforce positive definiteness. Fotapelogy G, we use the three classes of random
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network topologiess = (V, £') described above in Section Ill.A i.e., the ER, BA, and gecinetetworks.
For each choice of network, we uge= 100 nodes, each of which has an average degreé-efi. The
adjacency matriced of the ER and BA model are generated randomly using the alhgosi listed in[[3],

while that of the geometric network is generated accordinthé method described ih [21].

In implementing our network filtering method, the Lars|[1&jplementation of the Lasso optimization
in (7) was used, on training data sets of various sample &iwesach network. The Lasso regularization
parametern, was chosen by cross-validation. To generate testing daajs&d single-unit perturbations
of the form¢ = (0,...,0,¢*,0,...,0), where¢* > 0 is in the i-th position, for each = 1,.. ., 100.
Sinceo? in our simulation is effectively set tb, ¢* can be interpreted as the signal-to-noise ratio (SNR)
of the underlying perturbation. In our simulations, we détrange over integers frorh to 20. Our final
objective of detection is to find the position of the unit atieththe external perturbation occurred. In our
proposed network filtering method, we declare the pertutbetto be that corresponding to the entry of

¢ with largest magnitude i.e,= arg max;<;<, |¢;].

In each experiment described below, our method is compaitdtwo other methods. The first, called
‘True’, is that in which the ideab®® is used instead of, which presumes knowledge of the trie
The second, called ‘Direct’, is that in which the actual itggtdataY i.e., the data without network
filtering, are used instead @f. In both cases, we declare the perturbed unit to be thatsmoreling to
the entry of largest magnitude. The ‘True’ method gives usachmark for the detection error under
the ideal situation that we already have all of the netwoirkrimation, while the ‘Direct’ method is a
natural approach in the face of having no information on tvork. By comparing our method with the
two, we may gauge how much is gained by using the networkifijemethod. In all cases, performance
error is quantified as the fraction of times a perturbed ot correctly identified i.e., the proportion
of mis-detections. Results reported below for all threehmés are based in each case ugomeplicates

of the testing data. Our plots show average proportions stdetections and one standard deviation.
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B. Results

First we present the results from an experiment whers defined according to the simple formulation
given in [11), the definition that underlays the results iredtfem 2 and Lemma 1. That is, we define
Y in terms of just the (random) adjacency structure of ouredhwaderlying networks, scaled by an
appropriate choice af to ensure positive definiteness. We may think of this case) the perspective of
the simulation design described above, as one with a pklatioon-random choice of weights for edges
in the networkG i.e., whereB = —qD~'/2AD~1/2,

Figure[% shows the average proportions of mis-detectiana,fanction the SNR, for these three models.
Note that since the underlying graphs are random, there ree seariability in such detection results
from simulation to simulation. However, these plots and ditieers below like them are representative
in our experience. From the plots in the figure, we can seeithall cases the network filtering offers
a significant improvement over the ‘Direct’ method, and ictfaomes reasonably close to matching
the performance of the ‘True’ method, with mis-detectiohsaaate of roughly 5-25% for high SNR.
Performance differs somewhat with respect to networksféérdint topology. The network filtering method
shows the most gain over the ‘Direct’ method with the BA netwd his phenomenon is consistent with
our intuition: the distribution of edges in the BA networktlse least uniform one, and certain choices
of perturbed unit (i.e., perturbed unitswith large degreei;) will enable the effects of perturbation to
spread comparatively widely. Hence obtaining and comegctor the internal interactions among units in
the network is particularly helpful in this case.

Now consider the assignment of random weights to edge&s, iwhich allows us to generate a richer
variety of models. For this purpose, we choose the familyet&distributionsBeta(a, b) from which to
draw weightsB;; independently for each eddg, j} € E£. Three different classes of distributions were
used i.e.,Beta(1,1), Beta(1/2,1/2), and Beta(2,2), which gives flat (uniform), U-shape, and peaked
shape forms. Shown in Figuié 6 are the results of our netwtigkifig method, the ‘True’ method, and

the ‘Direct’ method, for each of these three choices of wedistributions, for each of the three network
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Fig. 5. Plots of the proportion of mis-detections versusakgo-noise ratio, for the BA, ER and geometric random ek, based on the simplified

covariance model if(11), using= 1.25, p = 100 andn = 50. Error bars indicate one standard error o86rtest datasets.

topologies. The same (random) network topology is used ah g@éot for each type of network.

Broadly speaking, these plots show that the performancetiork filtering in the context of randomly
generated edge weight8;;, as compared to that of the ‘True’ and ‘Direct’ methods, iseedially
consistent with the case of fixed edge-weights underlyirgptiots in Figuré 5. However, there are some
interesting nuances. For example, in the case of ‘Flat’ ttsignetwork filtering in fact is able to match
the performance of ‘True’ for all three classes of graphs.t@nother hand, in the ER random network
topology this matching occurs only when the edge-weightibigtion is flat (i.e.,Beta(1,1)), and in the
BA random network topology, when the distribution is eitlieshaped (i.e.Beta(1/2,1/2)) or flat (i.e.,
Beta(1,1)). Nevertheless, the qualitatively similar performanceoas choice of edge-weight distribution
suggests that most important element here is the netwanktste, indicating connection between pairs
of units, with the strength of connection being secondary.

Finally, we consider the effect of sample stzand, therefore implicitly, the extent to which the conditio

in @) on the structure of the covariance matkixmay be relaxed. For the same networks used in the
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Fig. 6. Plots of proportions of mis-detections versus digmaoise ratio. Columns: BA (left), ER (middle), and geetnic (right) random networks. Rows:
U-shaped (top), flat (middle), and peaked (bottom) choicevefght distributions, generated according Beta(1/2,1/2), Beta(1,1) and Beta(2,2)

distributions, respectively.

simulations described above, with= 100 units, we varied the sample sizeto range over0, 50, 100,
and150. Weights of the network edges are set according et (2, 2) distribution, which is the ‘peak’
case. Training and testing data were generated as befoeereBhlts of using network filtering in these
different settings are shown in Figureé 7. Again, our netwliltkring method is seen to work similar to
above. Even for a sample size as smalhas 20, our method still does better than the ‘Direct’ method
in all three models, particularly under the BA and ER matlels

On a final note, we point out that in all of the experiments ticeness of network models studied is

4We note that some care must be used in fitting Lasso with p, due to numerical instabilities that can arise. This isseces any method attempting
to estimate the inverse of a covariance matrix (as is intplitieing done here). Kramer [17] describes how a re-patarzation of the Lasso penalty can

be used to avoid this problem.
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Fig. 7. Plots of proportion of mis-detections versus sigoatoise ratio for the BA (left), ER (middle), and geomet(right) random network models, for

sample sizes: = 20, 50, 100, and 150.

much broader than suggested by our theory. As was menticaridrethe concentration inequalities we
use can be expected to be conservative in nature, and therdme of the bounds are more restrictive
than practice seems to indicate is necessary. For exammplayri simulations involving the geometric
random graph in Figurgl 2, with a sample sizenof= 50 and S = 9, the theoretical bound(8) for the
eigenvalue ratio i$.12, while the actual value achieved by this ratio2i8) in this instance. Also, the
maximum degrees of the graphs in most of the simulationsaagel than the average degree 4, and hence
the sparseness rat§p > 4/100, which is already larger than those theoretical sparse maiggested by
Figure 1. Yet still we observed the network filtering methodperform quite well. It is an interesting
open question to see if the theory can be extended to produeedb like [B) that more accurately reflect

practice, to serve as a better practical guides for users.

VI. DISCUSSION

The concept of network filtering considered in this paper Vst proposed by Cosgrovet al. [8],
as a methodology for filtering out the effects of ‘typical’ rgeregulatory patterns in DNA microarray
expression data, so as to enhance the potential signal fesratig targets of putative drug compounds.
Here we have formalized the methodology of Cosgretval. and established basic conditions under which
it may be expected to perform well. Furthermore, we havearpl the implications of these conditions
on the topology of the network underlying the data (i.e., ais3&an concentration graph). Proof of our

results rely on principles and techniques central to therditire on compressed sensing and, therefore,
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like other results in that literature, make performanceéest@nts that hold with over-whelming probability.
Numerical simulation results strongly suggest a high degfaobustness of the methodology to departure
from certain of the basic conditions stated in our theoresgsurding network topology. Our current work
is now focused on the development of adaptive learningegr@as that intentionally utilize perturbations

(i.e., in the form of the vectors) to more efficiently explore network effects (i.e., the matB).

APPENDIXA

PROOF OF THEFIRST ZONKLAR EQUATION

APPENDIXB

PROOF OFTHEOREM 1

Theorem 1 jointly characterizes the accuracypafimultaneous regressions, each based on the model

in @) ie., fori=1,...,p,

p
Yi = Z Bijy; +ei (20)
J#i

For convenience, we re-express the above model for a sieglession in the generic form
R=X0+e . (21)

Here X is an x (p — 1) design matrix with rows sampled i.i.d. from a multivariatermal distribution
N(0,C), with (p— 1) x (p — 1) covariance matrixC; e is ann x 1 error vector, independent of, with
i.i.d. N(0,0?) elements; andz is then x 1 response vector.

We will make use of a result of Zhili_[26], which requires theiotof restricted isometry constants.
Following Zh\H, we define theS-restricted isometry constant of the matrix X' as the smallest quantity

such that

(1= ds)llellz < [[Xrella < (1 + ds) el (22)

for all index subsetd” C {1,...,p} with |T'| < S. Zhu’s result is then as follows.

5This definition differs slightly from that in Candés] [4]. &&6] for discussion.
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Lemma 2 (Zhu): If (i) the number of non-zero entriegia$ no more thars, (ii) the isometry constants
d45 and dss obey the inequality,s + 255 < 1, and (iii) the Lasso regularization parametgrobeys the

constraintu® < Co¢/S, for ¢ = |le||3, then

18- Bl < C¢ (23)
where

B = argmin X5 = RII3 + B - (24)

Zhu’s first condition is assumed in our statement of Theoreffh&refore, to prove Theorem 1 we need
to show, under the other conditions stated in our theoreat, Zhu’s second and third conditions above
hold simultaneously for each of oprregressions, with overwhelming probability. In additiove need

to show that the right-hand side &f{23) is bounded above byrittht-hand side of (10).

A. Verification of Lemmél 2, Condition (ii)

The essence of what is needed for the restricted isometistaots is contained in the following lemma.
Lemma 3: Supposér is a sub-matrix of the covariance matfixwith columns variables corresponding
to these inC of the indices in sef’, where|T'| = S. Denote the largest and smallest eigenvalues of any

such matrixCr as A\, (Cr) and \,.;,(Cr) respectively. Suppose too that

M (Cr) (14 /ST
Amin(Cr) = (1 — \/S/n> and p(r) <1 (25)

where p(r) is defined as in[(14). Then the condition(X) + 2J55(X) < 1 holds with overwhelming

probability.

The covariance matrixC corresponding to any single regression is a sub-matriX @h Theorem 1,
and hence so is any sub-sub-mattix. By the interlacing property of eigenvalues (e.g., Golud &an
Loan [14, Thm 8.1.7]), which relates the eigenvalues of arsgtnic matrix to those of its principle
sub-matrices, as long as satisfies the eigenvalue constraint (8), the matriceswill as well. So it is

sufficient to prove Lemmal 3.
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Proof of Lemmal3: Let X+ denote then x S sub-matrix of X corresponding to the subset of indices
T. Since the rows ofX are independent samples fraW(0, C), the rows of X, are independent samples
from N(0,Cr). Let o; be thei-th largest singular value (ﬁflT/z andg; be thei-th largest singular value of
n~'/2Xr. The eigenvalue condition in the lemma reducesgatg/os) < [1+ (S/n)"/?] / [1 — (S/n)'/?].
Without loss of generality, therefore, assume tha 1 + (S/n)'/? while g > 1 — (S/n)"/2.

Note we can expres&; as Xy = ZC)/*, where Z ~ N(0,1). Then X} Xy = [C}/*) 72’ ZC}? and

hence the eigenvalues &f}. X are the same as those B8fZC;. Thus we have

)\max (XTnXT) S )\max (Z Z) ' U% (26)
n

)\min (XTXT) 2 )\min (Z Z) : Ug" (27)
n n

Let 57 denote the-th largest singular value af~/2Z. Therefore we ha&

(3'1 S &T'O’l (28)

5’5 > &; * O (29)

Denote bya,,.i.(+), ma: () the smallest and largest singular values of their arguniéatice that for any

index setT™ C T, we have

o (35) 500 (35) 500 (35 e (35).

Thus we need only to consider the situation whgfé = S and choose’ as the smallest constant that satisfled (22) for any subixmatr
X7 of sizen x S. Therefore, we set — 6 < 55 < 71 < 1+ 9, whereg; = SUp|r|=5 01 andés = inf|pj—g 6s. It then follows that
0 <max(l—2dg,01 —1).

Now, by the large deviation results in[20]/ [4], for a stardi&aussian random matri% ~ N (0, I), there are two relevant concentration

inequalities:
P (&;‘ >14++/S/n+n+ t) < e (30)
P(&§<1— S/n—n—t) < 67"t2/2, (31)

wheren is ano(1) term.

5(6%)? equals the smallest eigenvalue GfZ/n, which is Ay, in [4]. Similar for (67)2.
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We can then use the above tools and concentration ine@saliisee how behaves under the conditions described in Lerhima 3. Notice

that, fore > 0, we have

P(1+435>(1+1+e)f(r)?) (32)
< P(max(2—&s,61) > (1+ (1 +)f(r)?) (33)
= P({2-6s> 1+ 1L+e)f(r)*IV (34)
{51 > 1+ (1 +2)f())}) (35)
< P(es<2-(1+(1+e)f(r)") (36)
+P (61> (1+ (1+¢)f(r)?) (37)

Denotingy = S/n, we have by[(2P) thats > (1 —,/7)d5. Therefore, for the term withs in (37), we have by Bonferroni’s inequality

that

P(os <2 (1+(1+2)f(r)%)

< > P(es(Xr)<2—(1+ (1+e)f(r)?)
{IT|=5}
< KT =SHP ((1—vA)-65<2—(1+(1+e)f(r)?)

P((1—=\7)-65<1-2(1+e)f(r)— ((1+e)f(r)?

< Cp,S)P(6s<1—-(1+e)f(r) -

Asin [4], we fixn+t = (1+¢)+/p/n/2H (r), from which it follows that(1 +¢) f(r) ~ \/§+n+t andC(p, s)e ""/2 < e PH(M</2]

Hence the above inequality is equivalent to

Ps<2—(1+1+e)f(r)?)
< CO@p,S)P (a—g <(1—/S/n—n-— t))
< C(p,S)e

< epr('r)s/2

For the term withs; in (@7), the analogous inequality
P(G1> (14 (1+e)f(r)?) < e PHD/?

may be verified using a similar argument. Combining these tpmbability inequalities for 51 and &5, we have that
P(1+3>(1+(1+e)f(r)?) < 2-ePHM/2 |gnoring the negligibles terms, it follows that wherp,n is large enoughy <
(1+ f(r))*> — 1 holds with overwhelming probability. Defining(r) = (14 f(4r))? +2(1 + f(57))* — 3, we have thabss + 2555 < p(r).

Imposing the conditiorp(r) < 1, we obtain thabss + 2555 < 1, and therefore Lemmid 3 is proved.
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B. Verification of Lemmgl2, Condition (iii) and the right-tshside of [ID)

Let R = X@3® 4 () denote the regression equatiénl(21) for ik of the p simultaneous regressions [ {20). Condition (iii) of
Lemmal2 requires that the regularization paramgtee such thap? < Co¢¥ /S, where¢™ = [|e'V|[3. If so, and assuming of course that
conditions (i) and (ii) are satisfied as well, then the indityian (23) says thaf|3) — 3[|3 < ¢V ¢ We show that the condition o
in the statement of Theorem 1 i.e., that < (Coo?¢,,)/S, guarantees that Condition (iii) holds for every= 1, ..., p with overwhelming
probability. In addition, we show that¥¢® < Co2¢ with overwhelming probability, where;" = n (1 + 4(log, n/n)1/2), andC is
bounded by(1 — p(r)) "2 times a constant, as claimed in Remark 1.

Notice that if we havee ~ N (0, 0% Ix»), then||e||3 is distributed as chi-square ondegrees of freedom. By [18, Sec 4.1, Lemma 4],

for ¢’ > 0,
P {Heng —no?< —402\/nt’} < exp(—t')
and
P {||e||§ —no® > 40° nt’} <exp(—t) .
Therefore,
p L i 1B Ny
> = /m)
» ()2
™12
< P < (1 =44/t
< {158 < 4 - avem)
—pP lellz (1—4/T/n) b < pexp(—t')
no? ~ - '
and similarly,
e I3 , :
P max —-— > (144t /n)p <pexp(—t') .

We chooset’ so thatu® < Colle'?||3/S uniformly in ¢ with probability at leastl — 2e~?#("¢/2 50 as to match the rate in Section A
above. Specifically, we sét = [pH(r)e] /2 + log (p/2). Hence, for sufficiently smalt we havet’ ~ log(p/2). Therefore, as long as
1* < (Coo®n/S) [1 - 4(t'/n)1/2], then with probability exceeding — 2e 7 (M</2  the inequalityu? < Col|e?||3/S holds uniformly
in 7. Supposep = n”, with v > 1. Under this conditiont’/n =~ (log,n") /n = v (log,n) /n and our requirement thus reduces to
p? < (Coo®n/S) [1 —4((log, n)/n)1/2]. Similarly, with ¢’ ~ log (p/2), we also have with probability exceeding— 277 (M</2 that
e 13 < o [1+ 4 ((logy n)/m)?].

Let ¢, and(;T be defined as in the statement of Theorem 1. Then by requinaig:t < (Coo?¢;,)/S, from the above results it follows
that Condition (iii) of Lemma 2 holds for all = 1, ..., p, with high probability. Furthermore, with high probaQ'rlitIIe(i)H% < o?¢t, for
i=1,...,p. Therefore, by the bound(P3) in Lemma 2, we have establighedound[[I0) in Theorem 1, except for the constant

Specifically, it remains for us to establish th@t” < C for all i. Denote the valu€'¥ for an arbitrary regression b§. Note that the
C here in our paper corresponds to the square of what is calleth‘Zhu [26]. Hence by equation (17) if [26{;/2 is smaller than the

larger root of a quadratic equation of the form

a’2? — (2ac+b)z+(E —7)=0,
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wherez is the argument and, b, c and 7 are positive parametJ}sFor our purposes, it is enough to remark that (1 — dss — 2d55)/3,
b is bounded by a constant proportional(f)é/2, c relates toa through the expression = ¢ [2u81/2/§1/2] —1—d4s, andr is a constant
greater than four,

As the larger root of the above quadratic equation,

Gz < 2ac + b+ +/(2ac + b)? — 4a?(c? — 1)
- 2a? '

Note that(2ac + b)? — 4a*(c* — 7) = 4abc + b* + 4a>7, which is bounded bynax((2a7/? + b)?, (2ac + b)?), becauses, b, ¢ and  are

all positive. Hence we have

oz o<
2a2 2a?

24 b 2c b
<  max T—!— — +

a2’ a a2

X(Qac+b+2a7'1/2+b 2ac—|—b+2ac+b>

1/2
9 max(c, 7/%) n % . (38)
a a
It remains for us to bound the right-hand side [of](38). Rettedt, by constructionf.s + 2855 < p(r), and thatp(r) is assumed strictly
less thanl. Thus, becauseg is bounded by a term proportional @/2, the second term in the right-hand side[of](38) is bounded teyra

proportional to(1 — p(r))2. Furthermore, ifr*/2 > ¢, then the first term is bounded by a term proportionafte- p(r)). Lastly, therefore,

suppose that > 7%/2 and consider the term

c 1 a-+ 1+ dss

o 28172 (172 a (39)

The term involvinga in the right-hand side of(39) is easily bounded, per ouraeimg above, while — taking, for examplg? = Co(/S
in the condition of Lemm&l2, the other term is equal(4d) /2.
Hence, returning to the context of our original problem, éachi = 1,...,p, the constant’” is bounded by some constant times

(1 — p(r)) 2. Letting C be the largest of these bounds, our proof of Theorem 1 is campl

APPENDIXC
PROOF FORTHEOREM 2

To show that conditior[{8) of Theorem 1 holds in the contexTbé&orem 2, we first bound the eigenvalue ratio of the covadanatrix
¥. Forg € (0,1), the matrix$~" is diagonally dominant, and hence, by the Levy-Desplandiesorem, non-singular. Furthermore, since

¥~ ! is real and symmetric, it is a normal matrix. Therefore,

)\max(z) _ 1/)\111111(271) _ )\max(zil)

— — — nt
)\min(z) 1/)\max(271) )\min(zil) 1{2( )7

wherek2(X7!) is condition number of the precision matix . As a result, by an inequality of Guggenheimer, Edelman, Jfuhson[[16,

Pg. 4] for condition numbers, we can bound our eigenvalue et

Amax (%) 2 DA
Amm<z>§|det<z*1>|< ’ F) ‘ (40)

“Our notation here is slightly different from that 6f [26].
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SinceX ™' = I + ¢D~'/?AD~'/?, direct calculation shows that

IS7E = p+@IDTPAD TR = p+g? Y (

g
= p+qzz Zd 7

’L
Jrvi

did;

whered; is thei-th element of the diagonal matri®. As for the quantity| det(X~"')|, we note that

|det(S71)| = |qdet(D™?)det(1/gD + A)det(D/?)|
P
= ¢"[]di " det(1/qD + A)| .
=1
DenotingM = (1/q)D + A, and applying a result of Ostrowski for determinants of dizaly dominant matrices (e.gl, [22]), we find that

P

P
| det(M H|Mii|+Z|Mij|) = H i+ d)

i i

(e

-

Hence, we havelet(X 1) > (1 4 ¢)?.

Combining the relevant expressions above, we have that

er /dj »/2
Amax(8) 2 ; (1+ (DN . ) (41)

Amin(X) 7 (1 +¢)P

1 1 p/2
= | g+ v ()| 2

Denotingn: andn» as in [I2), bounding the right-hand side lafl(42) [tly—s— (dmw/n)l/Q] / [1 — (dwm/n)l/z}, to enforce the bound(8),

and some trivial manipulation of the resulting inequalitiglds the condition in[{113), as desired.

APPENDIXD

PROOF FORTHEOREM 3

Note that the difference of the predictorand the true external effegtis given asp — ¢ = Y — BY — ¢ = (I — B)Y — ¢. So the bias

term is just

El(¢—¢)IBl= (- B)I-B)'¢—¢

=[I-B)~(I-BJI-B)'¢=AI~-B)""¢,

whereA = B — B, and hence for théth component of the bias term, we have

=00 B]| = |aw-B)"9|
< Nawle 10=B) gl
< [weorcH Nz (-5 el -

Here the first term in brackets follows from Theorem 1, while second follows from the definition of tile matrix norm.
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For the variance of the predictgr, we have
Var [g{s | B] —(I—-B)I-B)""(I-B)">
= (I-B+B-B)(I-B)'(I-B+B-B)"0*

= (I-B)*+[AU - B) AT +24] 0* .

So the variance of théth elementd; of & is
Var [éi y B] = o® + Aw(l— B 'ALG? |

since B;; = Bi; = 0. The absolute value of the second term is bounded @y¢;l) Amax (I — B)™*), and thus[{I8) follows.

APPENDIXE

PROOF FORLEMMA 1.
Under the modeE ! = I 4+ ¢D~*/2AD~'/2, the largest number of non-zero entrigss duma, the maximal degree of the network. So

by the eigenvalue condition in Theorem 1, we have

Aas(1 = B) ™) < Msa (1 = B) ™) - (Ei— Z@ -

NOW Amin((I — B)™Y) = MAph((I — B)) = ApleI + gD Y2AD™Y2). And clearly Amax (I + gD Y2AD™Y?) = 1 +

Amax (gD ™2 AD™Y/2). Furthermore,

)\max(Dfl/?Apfl/?) — max w

P T'T
e (D71/2x)1A(D71/2x) . (D71/2x)/(D—1/2x)
P (D-1/22)(D-1/2x) 'z
)\max(A)

> )\max(A))\min(Dil) =

dmaz‘

By [7} Lem. 8.6], Amax (A) > dule. Therefore Amax (I + gD 2 AD™/?) > 1 4 qdmil®.

Combining these results, we have

2
4 1 1+ y/dmax/n
Amax((I —B)77) < T
L+ gzz— \1— dma/n
2
o V dmax . 1+ V dmax/n
q + v dmax 1-— A/ dmax/n '
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